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S3 10 Å at tmax, and did not subsequently recombine. We stress that the clusters were simulated in empty space, without periodic boundary conditions or restraining potentials for preventing evaporation. Table S2 also indicates the lowest T at which an AS, I, B, or E event was observed.
We have tried two propagation strategies, either by maintaining constant particle number, volume, and total energy (NVE), or by maintaining constant particle number, volume, and temperature (NVT). Taking W4 as an example, we first consider the momentary energy (E) and temperature (T) as a function of time (t) . Figure S1 shows that at low temperatures both schemes are viable. As expected, NVE conserves energy much more tightly than NVT (see energetic RMSD values in the figure), but their average temperature, <T>, and its RMSD are closer together. Note that <T> may differ slightly from the preset "target temperature" of the equilibration stage (or of the NVT production run), so we use <T> as the characteristic temperature of the trajectory, denoting it by T in the remainder of the discussion.
At higher temperatures, NVE trajectories become increasingly unstable concerning energy conservation.
Already at 130 K, the energy increases by about 3 kJ/mol along the 0.5 ns trajectory segment, which translates to a 10 K increase in temperature ( Figure S2 ). This effect, which is small for n = 2, 3, increases for n = 4, 5, for which an accurate determination of the transition temperatures becomes impossible.
These problems are circumvented by running NVT trajectories. The thermostating algorithm (e.g., for the Langevin thermostat) scales the velocities every timestep, hence care should be taken to verify that this perturbation does not become too large, introducing non-physical behavior.
The recently developed geodesic BAOAB (g-BAOAB) integrator for NVT trajectories has extraordinary stability and accuracy properties that surpass those of commonly utilized integration algorithms (44).
Comparison with conventional Langevin integration was performed there for the additive TIP3P water model, but not for the more demanding MB-pol PEF. Figure S3 compares the radial probability density (RPD), P(r) ≡ r 2 g(r), for the water tetramer near its melting and vaporization transitions using the g-BAOAB and Langevin integrators. Because we use a small timestep (0.2 fs), the difference between the results for the two integrators is not large. Nevertheless, there is an influence on the low amplitude tails.
For W4, the tails appear larger with the Langevin integrator. This may be a result of a small heating effect in the Langevin integration algorithm that is avoided with the g-BAOAB timestep splitting scheme, so that T as reported from g-BAOAB is possibly more accurate.
The average total energy, <E>, as a function of T for the four water clusters is depicted in Figure 1 , whereas the average potential energy, <U>, is depicted in Figure S4 . These "caloric curves" are linear in T, showing no change in slope that might be ascribed to phase transitions. We have fitted these data to S4 <E> = a1 + b1T and <U> = a2 + b2T, with the best-fit equations given near each line. As T → 0, the kinetic energy vanishes, so that E = U or a1 = a2. This identity is obeyed to 5 significant digits in our simulations. We also find that approximately b1 = 2 b2. Interpreted as the constant volume heat capacity, b1 = Cv is seen to vary linearly with the cluster size, n (Figure 1 , inset).
Alternatively, one may consider the average OO distance and its RMSD (25-29), <r> and <(r-<r>) 2 > 1/2 . The examples in Figure S5 show a non-linear T dependence, which is difficult to interpret without additional evidence. In particular, it is difficult to ascertain whether the behavior represents a continuous change of slope, or discontinuous changes anticipated for phase transitions. Figure S5 shows that one source of this difficulty could be insufficient statistical accuracy. Since the averages in question are over all OO distances in all timeframes, the statistical sample increases with trajectory length, tmax. Figure S5 shows a noticeable reduction in the scatter of the data points as tmax increases from 0.5 ns (red symbols) to 3 ns (black symbols). For the latter, the RMSD for W3 shows two clear changes in slope that we assign to Tm and Tv. The same two transitions are observed also in <r>(T), so there is no fundamental merit in using the RMSD, as commonly done in the literature (25) (26) (27) (28) (29) .
For the tetramer, these two measures do not give a clear indication of the transitions, particularly not for Tv. Figure S6 shows that this is due to the r interval chosen for the averaging. Because vaporization entails few occurrences of water molecules moving to large distances from the cluster center, their contribution is washed away when averaged over all distances and conversely, it is enhanced when restricting the averaging to large r. Figure S6 shows that when <r2> (averaging from rmin = 3.26 Å to ∞) is plotted instead of <r>, Tm and particularly Tv indeed become more pronounced.
As these averages are moments of the distribution P(r), the origin of this sensitivity is clarified from Figure S3 , showing small-amplitude large-distance tails appearing in P(r) near the transition temperatures, Tm and Tv. These tails are too small to be noticed when P(r) is viewed on a linear scale, as demonstrated in Figure 2 . They become conspicuous when log P(r) is plotted instead of P(r) itself, providing an accurate means for detecting transitions, which are then verified from the change in slope of <r2> vs. T (e.g., Figure S7 ). Figure S1 . Total energy (E) and temperature (T) along 0.5 ns MB-pol trajectories of the water tetramer at <T> = 50 K for two different integrators. Top two panels: Constant temperature g-BAOAB integrator; bottom two panels: Constant energy Verlet integrator (both from the OpenMM site). In the NVE panels we report also the average energy, <E>, over the trajectory segment, and its RMSD = <(E<E>) 2 > 1/2 . In the NVT panels, <T> = 50 K and RMSD = <(T<T>) 2 > 1/2 . The energy scale is chosen such that at 0 K it is the difference between an optimized tetramer and 4 optimized monomers. S6 Figure Figure S3 : The RPD for the water trimer (left) and tetramer (right) near Tm (top) and Tv (bottom), obtained from integrating Newton's equations for 3 ns at constant T for the MB-pol PEF with the g-BAOAB (black), and Langevin (red) integrators. Results from the two integrators differ only at large distances, enhanced by the semi-logarithmic representation. Figure S4 . Temperature dependence of the average potential energy, U, from classical g-BAOAB trajectories in Table S2 using the MB-pol PEF for W2 (black bars), W3 (red triangles), W4 (green squares), W5 (blue circles) and W6 (cyan asterisks). The best-fit linear functions are shown as lines, with their equations written near each line. The intercepts (T = 0 limit of the linear functions) resemble the binding energies of Table S1. The asterisks in the inset are the slopes of the five lines, d<U>/dT kJ/(mol K), seen to be a linear function of n. Figure as changes of slope only for <r2> but not for <r>. S11 Figure S7 : The average OO distance in the water trimer (n = 3) as a function of temperature (red triangles) is depicted as a superposition of 4 linear phases, whose best-fit parameters are collected (for n = 2-5) in Table S9 . As described in the main text, the onset of bifurcation (B) events separate "solid 1" from "solid 2", melting separates "solid 2" from "liquid" and vaporization separates the "liquid" and "gas" phases. As demonstrated by Figure S5 , the piecewise-linear behavior can only be established once sufficiently long (≥ 3 ns) trajectories are utilized. S12 Table S1 : Cluster binding energies (kcal/mol) at the global minima structures of the Wn clusters, n = 2-6.
S9
MB-pol energies are from MB-pol optimized clusters relative to the relaxed monomers. The coupledcluster results at the complete basis-set limit, CCSD(T)/CBS, are from the De column of Table V Table S2 : MB-pol g-BAOAB trajectories for Wn clusters (n = 2-6) initiated in this study with some characteristic attributes. Non-integer trajectory length is due to vaporization (i.e., monomer dissociation). Trajectories with integer length have completed their course without dissociation. Table S3 : Fitting parameters (a, b, c, and d) of P(r) for the water dimer to the SND:
(1) in the main text.
<r> is calculated from the fitting parameters using Eq. (2), and the RMSD from (the square-root of) Eq. (7) in Sukhomlinov and Müser (51) . tmax is the temporal length of the MB-pol trajectory from which P(r) ≡ r 2 g(r) was generated. Table S8 : Second SND (SND2) fitting parameters for the second P(r) peak of the water pentamer. See legend of Table S3 for additional detail. Note that c < 0 here. Table S9 : Piecewise linear fit parameters for the four phases observed in the temperature dependence of the average OO distance of small water clusters. See Figure S7 . The fitting equation used is: <r> = a + bT/10000 (Å). Note the similarity in the slope, b, for the first 3 phases of W2 and W3. 
